A NOTE ON MONOTONICITY OF MIXED RAMSEY NUMBERS 

MARIA AXENOVICH AND JIHYEOK CHOI 

Abstract. For two graphs, G, and H, an edge-coloring of a complete graph is (G, -ff)-good if there 
is no monochromatic subgraph isomorphic to G and no rainbow subgraph isomorphic to H in this 
coloring. The set of number of colors used by some (G, //)-colorings of Kn is called a mixed-Ramsey 
^^ ' spectrum. This note addresses a fundamental question of whether the spectrum is an interval. It 

^N ' is shown that the answer is "yes" if G is not a star and H does not contain a pendent edge. 

C^ 

1. Introduction 

Let G and H be two graphs on fixed number of vertices. An edge coloring of a complete 
graph, Kn, is called {G,H)-good if there is no monochromatic copy of G and no rainbow (totally 

^^ . multicolored) copy of H in this coloring. This, sometimes called mixed-Ramsey coloring, is a 

f) I hybrid of classical Ramsey and anti-Ramsey colorings, [18l[6]. As shown by Jamison and West pTS], 

a {G, -?/)-good coloring of an arbitrarily large complete graph exists unless either G is a star or H 
is a forest. 

Let S{n; G, H) be the set of the number of colors, k, such that there is a (G, //)-good coloring 
of Kn with k colors. We call S{n;G,H) a spectrum. Let max S {n; G , H) , mm S{n;G,H) be the 
maximum, minimum number in S{n;G,H), respectively. The behavior of these functions was 
studied in |2j, |8], |T] and others. Note that if there is no restriction on a graph H, S{n;G,*) is 
an interval [k, (2)], where k is the largest number such that r^._i(G) < n, a classical multicolor 

^' I Ramsey number. 

^O ■ The main question investigated in this note is whether the same behavior continues to hold for 

mixed Ramsey colorings. Specifically, for given integer n and graphs G and H, is S{n; G, H) an 

g : int™17 When G ,. not a .tar, tor mo.t graphs H. we .how that S(„; G, H) is an mtervah 

^D , Theorem 1. Let G he a graph that is not a star, and let H be a graph with minimum degree at 

least 2. Then for any natural number n, S{n; G, H) is an interval. 

The simplest connected graph H which is not a tree and which has a vertex of degree 1 is K^ + e, 
^ ' a 4- vertex graph obtained by attaching a pendent edge to a triangle. We show that S{n; G, K3 + e) 

j^ ■ could have a gap for some graphs G and some values of n. However, when n is arbitrarily large, we 

do not have a single example of a graph G and a graph H for which S{n; G, H) is not an interval. 
Specifically, the next theorem is a collection of results on S{n; G, K^ + e). Here, iK2 is a matching 
of size i, C4 is a 4-cycle, and P4 is a path on 4 vertices. 

Theorem 2. 

. Sin;eK2,K3) = S{n;lK2,K^ + e) = [[^^^1 + l,n - 1], n > 4, 
S{n; Pi,Ki) = S{n; Pi,K^ + e) = [n - 2, n - 1], n > 4, 
S{n-Gi,K^) = S{n- Gi,Ks + e) = [n - 3,n - 1], n > r^iG^) = 11, 
S{n;Ks,K3) = 5(n; i^g, i^3 + e) = [clogn,n- 1], n > rsiKs) = 17, 
S{n; Ki^e, Ks) = S{n; i^i,^, i^g + e) = 0, n > 3^ + 1. 
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. 5(10;C74,i^3 + e) = {3,7,8,9}. 

Corollary 3. If i > 2 and n > max{17, 3£ + 1}, then S{n;G,K3 + e) is an interval for any 
G € {i^a, ^i^2i Ci^ P4, Ki^f\. However, S{n; G, K^ + e) is not an interval if n = 10 and G = C4. 

Open question. Are there graphs G and H such that for any natural number N there is n > A^ 
so that S{n; G, H) is not an interval? 



2. Definitions and proofs of main results 

For an edge coloring c of Kn and a vertex x G V{Kn)i let Nc{x) be the set of colors used only 
on edges incident to x, and for X C V{Kn) let c{X) be the set of colors used on edges induced by 
X. Let \c\ denote the number of colors used in the coloring c. Then \c\ = \Nc{x)\ + \c{V \ x)\ for 
any x ^V . We shall use function 

f(k\ G, H) = max{n : there is a {G, //)-good coloring of Kn using exactly k colors}. 

Note that if f{k; G, H) = n, then min S{n; G, H) = k. 



Observation 1 If G is not a star, and A and B are color classes which are stars with the same 
center in a (G, /7)-good coloring c of Kn with k colors, then replacing A and i? in c with a new 
color class Au B gives a (G, ff)-good coloring using k — 1 colors. 

Observation 2 For any graphs G and H, 

mm S{n;G,H) < mmS{n + 1,G, H). 

Proof. Consider a (G, -ff )-good coloring of Kn+i with A; colors. Delete one vertex to get a (G, i:f )- 
good coloring of Kn with k' < k colors. D 

Observation 3 For G C G' and H C H' , 

S{n; G, i/) C S{n; G', Z^-) C S{n; G', Z^-') and S(n; G, i/) C 5(n; G, H') C 5(n; G', Z^-')- 

Proof. If there is no monochromatic G and no rainbow H m a coloring of E(Kn), then there is no 
monochromatic G' and no rainbow H' in this coloring. D 

Observation 4 If G is not a star, i? has minimum degree at least 2, and k G S{n;G,H), then 
A; + l G 5(n + l;G,i/). 

Proof. Consider a (G, i/)-good coloring of Kn with fc colors. Add a new vertex a;, and color edges 
incident to x by a new color to get a (G, if )-good coloring of Kn+i with k + 1 colors. D 



Proof of Theorem [IJ 

We need to prove that [m.m S {n; G , H) , m.ax S {n; G , H)] C S{n;G,H). We use induction on 
n. When n = 2, any coloring uses one color. Let n > 3. Consider the smallest k such 
that [k,m.axS{n;G,H)] C S{n;G,H). Observe that in any (G, ii)-good fc-coloring of Kn and 
any vertex x, we have |A'(x)| < 1, otherwise applying Observation 1 gives us a {G,H)-good 
(k — l)-coloring of Kn violating minimality of k. Consider a (G, ii)-good /c-coloring of Kn and 
any vertex x, and delete it. Then we have a (G, -ff )-good coloring of Kn-i with k or k — 
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1 colors. Here we note that niax5(n — 1;G,H) > k — 1. By induction, S{n — 1;G,H) is 
an interval, i.e., [minS'(n — 1; G, -fr),niaxS'(n — 1;G,H)] = S{n — 1;G,H). Then by Observa- 
tion 4, [min S{n-1; G, H) + 1, max S{n - 1; G, H) + I] C S{n- G, H). Since min S{n; G, H) > 
min S'(n — 1;G,H) from Observation 2, [minS'(n; G, -fr),maxS'(n — 1;G,H) + 1] C S{n;G,H). 
Since k < max S{n — 1;G,H) + 1 and [fc, max5(n; G, i?)] C S{n;G,H) we finally have that 
[min S{n; G, H),max 5(n; G, H)] C S{n; G, H). D 



Proof of Theorem \^ 

First observe that max S{n;G,H) < AR(n,H), where AR{n,H) is the classical anti-Ramsey num- 
ber, the maximum number of colors in an edge-coloring of Kn with no rainbow subgraphs isomorphic 
to H. If G is not a star, maxS'(n; G,K^) = AR{n,K^) = n — 1, see [2]. Moreover, from Observation 
3, we obtain that max S'(n; G,K^) < m.axS{n; GjK^ + e); and from |12] . we know that AR{n,K3) = 
AR{n,K3 + e). Thus, when G is not a star, max S'(n; G,-ftr3) = max S'(n; G,i^3 + e) = n — 1 for 
n > 4. 

Therefore if min S'(n; G,if3) = min S'(n, G,i^3 -|- e), and G is not a star, we can conclude 
that 5(n;G, i^3 + e) = S{n]G,K^), which is an interval by Theorem 1. Next, we shall analyze 
min S{n, G, K3 + e). Recah that min 5(n; G,H) = k if f{k, G, H) = n. Moreover, f{k, G,H) + 1< 
rk{G), where rk{G) denotes the classical /c-color Ramsey number for G. The equality holds if there 
is a fc-coloring of E{Kj.iq\_i) with no monochromatic G and no rainbow H. 

Case 1. G = iK2 
From [T7j, we have that ri^{lK2) = (fc — 1)(^ — 1)-|-2^. The extremal coloring providing this Ramsey 
number can be constructed as follows. Consider a complete graph on 2£— 1 vertices colored entirely 
with color 1, add i — 1 vertices and color all edges incident to these vertices with color 2, then add 
another £ — 1 vertices and color all edges incident to these vertices with color 3. Repeat this process 
until we get a /c-coloring of a complete graph on 2^ — 1 -|- (fc — !)(£ — 1) vertices which contains no 
monochromatic (.K2. Note that this coloring contains no rainbow cycles, thus, it contains neither 
rainbow copy of K^ nor rainbow copy of K^ + e. Hence min S{n] iK2, H) = min S{n] iK2,H + e) 
for any iJ, not a forest. In particular for ^ > 2, minS'(n;^i^2,-K^3) = m.m S{n;l!.K2,K^ + e) = 

r^^^^i + 1. 

Case 2. Ge {^^3,^,(^4} 
From la [21 Ha E] we have that f{k,K3,K3) = /(/c, 7^3,^3 + e) = X{k), for k > 4, where 
A(A:) = 5''/^ if k is even, 2-5^''-^^/^ ii k is odd; f{k, Pi, K3) = /(A:, P4, i^3 + e) = k + 2 for A; > 1, and 
fik, G4, K3) = f{k, G4,K3 + e) = k + 3 for k > 4. Therefore min S{n; P4, i^a) = min S{n; P4, K3 + 
e) = n— 2, minS'(n; C^jK^) = minS'(n; G4,i^3-|-e) = n— 3, and minS'(n; K^jK^) = minS'(n; K3,K3+ 
e) = clogn. Thus min S'(n; G, 7^3) = minS'(n; G, ii's + e) for G G {i^3,P4,G4} and n > ?'3(G). 

Case 3. G = Ki^i 
In [Hj, it was shown that any coloring of E(Kn) with no rainbow triangles has a monochromatic 
star Ki2n/5- Using this fact and the pigeonhole principle, we easily see that any coloring of E(Kn) 
with no rainbow K3 + e has a monochromatic star Ki ^/s- This is sharp as is seen in [8]. Therefore 
S{n; Ki^e, K^) = S{n; i^i,,, K3 + e) = if n > 31 

Summarizing 1), 2), and 3) we have that S{n] G, K^) = S{n; G, K3 + e) is an interval if G is one 
of {iK2, K^, P4, G4, Kii} and n > N, where A^ is a constant depending only on G. This concludes 
the proof of the first part of the Theorem. 

Consider the case when G = C^, H = K^ + e and n = 10. Since r2(G4) = 6 < 10, we see that 
there is no (G4,i^3 -|- e)-good coloring of Kiq in two colors. On the other hand, since r3(G4) = 11, 
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there is a (C^jK^ + e)-good coloring of Kiq in three colors. Thus minS'( 10; 04,^^3 + e) = 3. We 
also have that max 5(10; 04,^^3 + e) = AR{W,K3) = 9. Since f{k,C4,K3 + e) = fe + 3 < 10 for 
4 < /c < 6, there is no (C4,iC3 + e)-good coloring of Kiq with 4, 5, or 6 colors. To construct 8- 
and 7-colorings of Kiq with no rainbow K^ + e and no monochromatic C4, consider a vertex set 
{vi, . . . ,uio}- Let c{viVj) = i, 1 <i <7, i < j; c{v8Vg) = c{vsVio) = c{vgVio) = 8. Let c'{viVj) = i, 
1 < i < 5, i < j; c'{vqVj) = c'{vjv%) = c'{v%v%) = c'{vqVio) = c'{vioVq) = 6, all other edges get color 
7 under c'. Note that c and c' are 8- and 7-colorings, respectively, containing no rainbow K3 and 
no monochromatic C4. Thus S{W; C^jK-^ + e) = {3, 7, 8, 9}. 

D 

References 

[1] M. Axenovich, J. Choi, On colorings avoiding a rainbow cycle and a fixed monochromatic Subgraph, Electron. J. 

Combin. 17 (1) (2010), Research Paper 31, 15pp. 
[2] M. Axenovich, P. Iverson, Edge-colorings avoiding rainbow and monochromatic subgraphs, Discrete Math. 308 

(20) (2008), 4710-4723. 
[3] M. Axenovich, R. Jamison, Canonical Pattern Ramsey numbers. Graphs Combin. 21 (2) (2005), 145-160. 
[4] S. A. Burr, J. A. Roberts, On Ramsey numbers for stars, Utihtas Math. 4 (1973), 217-220. 
[5] F. R. K. Chung, R. L. Graham, Edge-colored complete graphs with precisely colored subgraphs, Combinatorica 3 

(1983), no. 3-4, 315-324. 
[6] P. Erdos, M. Simonovits, V. T. Sos, Anti-Ramsey theorems. Infinite and finite sets (CoUoq., Keszthely, 1973; 
dedicated to P. Erdos on his 60th birthday), VoL II, pp. 633-643. CoUoq. Math. Soc. Janos Bolyai, Vol. 10, 
North-Holland, Amsterdam, 1975. 
[7] R. J. Faudree, R. J. Gould, M. S. Jacobson, C. Magnant, Ramsey numbers in rainbow triangle free colorings, 

Australasian J. Combin. 46 (2010), 269-284. 
[8] S. Fujita, C. Magnant, Extensions of rainbow Ramsey results, J. Graph Theory (in press). 
[9] S. Fujita, C. Magnant, Gallai-ramsey numbers for cycles. Discrete Math, (in press). 
[10] S. Fujita, C. Magnant, K. Ozeki, Rainbow Generalizations of Ramsey Theory: A Survey, Graphs Combin. 26 

(2010), no. 1, 1-30. 
[11] T. Gallai, Transitiv orientierbare Graphen, Acta Math Sci Hungar 18 (1967), 25-66. English translation in |16) . 
[12] I. Gorgol, Rainbow numbers for cycles with pendant edges. Graphs Combin. 24 (2008), no. 4, 327-331. 
[13] A. Gyarfas, G. Sarkozy, A. Sebo, S. Selkow, Ramsey-type results for Gallai colorings, J. Graph Theory (in press). 
[14] A. Gyarfas, G. Simonyi, Edge colorings of complete graphs without tricolored triangles, J. Graph Theory 46(3) 

(2004), 211-216. 
[15] R. Jamison, D. West, On pattern Ramsey numbers of graphs. Graphs Combin. 20 (2004), no. 3, 333-339. 
[16] F. Maffray, M. Preissmann, A translation of Gallai's paper: 'Transitiv Orientierbare Graphen', In: Perfect 

Graphs (J. L. Ramirez- Alfonsin and B. A. Reed, Eds.), Wiley, New York, 2001, pp. 25-66. 
[17] S. P. Radziszowski, Small Ramsey numbers. Electron. J. Combin. 1 (1994), Dynamic Survey 1, 30 pp. (electronic). 
[18] F. P. Ramsey, On a Problem of Formal Logic, Proc. of the London Math. Soc. 30 (1930), 264-286 



